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ABSTRACT. In previous works, Jones and Roberts have studied finite extensions of the p-
adic numbers Q. In this paper, we extend the results of Jones and Roberts regarding finite
extensions of Q, to the setting of local fields with characteristic p. In particular we are able
to produce analogous results to Jones and Roberts in the case that the characteristic does
not divide the degree of the field extension. Also in this case, following from the work of
Pauli and Roblot, we prove the defining polynomials of these extensions can be written in
a certain form. Furthermore, if p divides the degree of the extension, we show there are
infinitely many extensions of this degree and thus cannot be classified in the same manner.

1. INTRODUCTION

Classifying extensions of @, has been of interest for many years. Pauli and Roblot [14]
describe a method for computing defining polynomials for all extensions of QQ, of a given
degree. Jones and Roberts [9] constructed an online database that identifies degree n exten-
sions of Q, for small values of p and n. They describe how to compute various invariants for
each extension, including the Galois group.

In a similar fashion, we extend these results to characteristic p local fields, focusing on
the unramified, totally tamely ramified, and totally wildly ramified cases. We begin by in-
troducing the reader to essential background topics such as Galois theory, local field theory,
the p-adic numbers, the field of formal Laurent series, and ramification groups.

We follow the work of Jones and Roberts [9] in the unramified case. In particular, we rely
on Hensel’s Lemma to show the existence and uniqueness of degree f unramified extensions
with a brief word about the Galois groups of these extensions. We then explore totally
tamely ramified extensions. Here we focus on the class of defining polynomials for these
extensions, namely a specific type of Eisenstein polynomial. This type of polynomial arises
from the work of Pauli and Roblot [14] and is shown to apply to extensions of characteristic
p local fields. In the totally wildly ramified case, our results for degree p extensions are not
analogous to the case of characteristic 0 local fields, as there are infinitely many degree p
extensions. Finally, we conclude with an example, classifying an extension of IF,((7)) to put
our results in context.
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2. BACKGROUND
2.1. Basic Galois Theory Definitions.

Definition 2.1. Let L/K be a finite field extension. An automorphism of L/K is defined to
be an automorphism of L that fixes the elements of K. That is, an automorphism of L/K
is an isomorphism o from L to L such that o(z) = x, for all z € K.

The set of automorphisms form a group under function composition, which is denoted
Aut(L/K).

Definition 2.2. The mass of L/K is defined as m(L) = % If m(L) = 1, then
L is called a Galois extension and Aut(L/K) is called the Galois group of L, denoted

Gal(L/K).

The following statements are equivalent:

L/K is a Galois extension;

L/K is a normal and separable extension;

L is the splitting field of a separable polynomial with coefficients in K;
[L: K] =|Aut(L/K)|.

For more information on Galois theory and field theory, see [6].

2.2. Local Fields.
In order to define a local field, we first introduce the following concepts.

Definition 2.3. Given a field F, a function |- | : F' — Ry is called an absolute value if
for all z,y € F' we have:

(1) |z| > 0 where equality holds if and only if x = 0,
(2) =yl = |zllyl,
(3) |z +yl| < || +yl.
Example 2.4. The usual absolute value on the real numbers has the above properties.

Example 2.5. The Euclidean distance for x = (1, xa, ..., x,) € R", which is defined as
x| = \/2} + 23 + ... + 22, is an absolute value on R".

Example 2.6. We can define additional absolute values on the rational numbers Q. Given
a prime number p and a rational number x = p™~ where m,r,s € Z and r, s are coprime to
p, we define a function on the rational numbers to be |z|, = p~” where [0], = 0. This
function is called the p-adic absolute value. To check if this function is indeed an absolute
value, we must check that properties (1)-(3) hold. Clearly, |z| > 0 regardless of the value of
m. Thus (1) is satisfied. To see (2), let x = p™ L and let y = p™2:2 be elements of Q. Then

1 T2 rra
_ mi m2 mi1+mso
lzyl, = |p™—p™— —
S1 S2p S152
— p—ml—mz P mlp mz _ pmlﬁ mz@
S1 P S9 P
= ‘I|p’y|p‘



To check that (3) holds, let z,y be defined as above. Assume without loss of generality
that |z|, > |y|,. This implies that m; < ms. Then
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which we assumed was equal to the maximum of {|z|,, |y|,} and thus
|z +y|, < |z|, <|z|, + |y|, and property (3) holds. Therefore, the function | - |, is an
absolute value.

Note that for property (3), a stronger condition holds. The absolute value is said to be
non-Archimedean if it satisfies this stronger condition that |x + y| < max{|z|,|y|} for all
x,y in a field F. The usual absolute value and the Euclidean distance do not satisfy this
additional property, but clearly the p-adic absolute value does, so we call it a
non-Archimedean absolute value.

Definition 2.7. A valuation on a field F is a function v : F — R U {oco} such that

(1) v(z) = oo if and only if z =0,
(2) v(zy) = v(z) +v(y),
(3) v(z +y) > min{v(z), v(y)}.

We say v is a discrete valuation if v : F' — Z U {oo}. This function behaves on a
non-Archimedean absolute value as a logarithm behaves on an exponential function. In
terms of the p-adic absolute value and a rational number x = p™Z,p { rs, we have

vp(x) =m  and |z|, = p~#@.

In this sense, the p-adic valuation provides a measure of how divisible the element is by the
prime p. Although the focus of this project is on local fields equipped with a slightly
different absolute value, a basic understanding of the p-adic absolue value is essential in
what follows. For more information on the p-adic numbers, see [8].

Definition 2.8. Suppose R is a commutative ring and m is its maximal ideal. The
residue field of R is the quotient ring R/m.

Let K be a field with valuation vx. Then we define the ring of integers
Ok ={x € K|vg(z) > 0}.

Note that K is the field of fractions of Ox. Within Ok, we have
Uk = {z € K|p(z) =0},

and
My ={x € K|v(z) > 0}.

Theorem 2.9. M is the unique maximal ideal of O, and U is the group of units.
3



Proof. Let v represent vi. First, we show that Mg is an ideal. Let x,y € M. Then,
v(z+y) > min{v(z),v(y)} > 0, hence z +y € Mg. If v € O and y € Mg, then

v(zy) = v(z) + v(y) > 0 and zy € M. Thus it follows that My is an ideal.

We next show that Ux = O — Mg consists of all the units of Ok, thereby proving that
M is the unique maximal ideal of Ok since for Mg to be larger, it would include a unit
which would automatically make it equal to Og. For this, let x € Ux. Then the identity
element 1x € Uk since v(1g) = 0 so all that remains to be shown is the existence of
inverses. Since x € Uy, the there exists 27! € K such that v(z™!) + v(z) = v(1) = 0. Thus
v(z7') = 0 and we have 7! € Ug. Thus Uk is a group under multiplication. Since each

x € Uk has a multiplicative inverse, each x € Uk is a unit. We call Uk the group of units
and Mg the unique maximal ideal. O

Definition 2.10. A local field is a field which is complete with respect to a discrete,
non-Archimedean valuation and whose residue field is finite.

Note that the quotient k = Ok / M is the residue field of K.

Definition 2.11. A principal ideal domain is an integral domain in which every ideal is
generated by a single element. In other words, every ideal is principal.

Theorem 2.12. If v is discrete then Ok is a principal ideal domain.

Proof. Let v : O — Z>o U {oo} be the discrete valuation restricted to Ok. Let I be a
non-zero ideal of Ok. Then since Zx is well ordered, we can choose a € I such that v(a) is
minimum. We claim that I = (a). Let € I and write v(z) = v(a)q + r where ¢ € N and
0 <r <wv(a). Now consider za™! € K,

vira™) = v(x)+

v
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r>0

Thus za™' € Ok and we can fix y = za™' € Og. Then x = ay and therefore I = (a) and
Ok is a principal ideal domain. ([l

Since Mg C Ok, M is also principal.

Definition 2.13. A discrete valuation ring is a principal ideal domain with exactly one
non-zero maximal ideal.

Theorem 2.14. Ok is a discrete valuation ring.
Proof. This is clear from 2.9 and 2.12. O

Definition 2.15. Any element 7 € K which generates Mg is called a uniformizer of
K. Note vi(mg) = 1.

Note that all the ideals in K have the form (71'%() for some j. To see this, first recall Ok is a
principal ideal domain. Also, recall every non-unit element of Ok is an element of M.
Thus, every ideal is a subset of M. This requires those ideals to be generated by a power

of 7, the generator of M.
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Given a field K with an absolute value | - |x and a finite extension L/K of degree n, one
can extend the absolute value of K to a absolute value on L in the following way: for any
r €L,

1
[z = | N/ (2)|"

where Ny k() is a norm from L to K, that is, it maps the elements in L to K in such a
way that the absolute value on K is preserved. There are three ways to compute the norm
from L to K as described in [8, p.145]:

(1) For an element « € L, take L as a finite-dimensional K vector space and consider
the K-linear map from L to L given by multiplication by a. Since multiplication by
« is linear, it corresponds to a matrix. Define N k() to be the determinant of
this matrix.

(2) For an element « € L, consider the subextension K («). Let r = [L : K(«)] and let
f(X)=X"+ap1+ ...+ 01X + ap € K[X] be the minimal polynomial of a over K.
Define Ny i (o) = (—1)""ag.

(3) If the extension L/K is normal, then define N/ to be the product of all the o(«),
for 0 € Aut(L/K). Note that if L/K is Galois, then it is necessarily normal and
thus N,k (a) is the product of all the o(«), for o € Gal(L/K).

Definition 2.16. Let L/K be a Galois extension with a € L. The trace of « is defined by

Trr (o) = Z o(a).

o€Gal(L/K)

Definition 2.17. Let L/K be a finite extension of the local field K of degree n. Let
Mg = (k) and M = (7). One has mx = m.¢ for some e > 1. The degree e is called the
ramification index. The integer

[]i'L . kK] :f

is called the inertial degree of the extension L/K. An extension of a field K with
characteristic of the residue field equal to a prime p > 0 is called unramified if e = 1.
Thus, in unramified extensions the prime remains a prime. The extension is totally
ramified if e = n, tamely ramified if p { e, and wildly ramified if p | e. Thus, in
ramified extensions, the prime factors.

It is a fact that n = ef. Also, if 77, is a uniformizer in L, then vg(mz) = 1/e.

The extension may consist of unramified and ramified subextensions. We use ramification
groups, which form a chain of normal subgroups of the Galois group, to find structural
information for the Galois group of the entire extension L /K. The ramification groups
have certain properties that will be described in section 3. These properties can be used to
determine which transitive subgroups of S,, might be isomorphic to the Galois group of
L/K.

2.3. The Field of Formal Laurent Series. As discussed in the introduction, finite ex-
tensions of Q, have been studied by several authors [2-5,9,14]. Our focus in this paper is
to study finite extensions of the field of formal Laurent series IF,((7')).
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Definition 2.18. A formal Laurent series f(7') is an infinite series of the form

o0

Z CLiTi

i=—m
with m,? € Z, a; € F,, for all <.

The elements of F,((T")) are formal Laurent series in 7. We construct this field by con-
sidering the polynomial ring F,[7]. The field of fractions of F,[T] is denoted F,(T").

Definition 2.19. Given x € F,(T'), write x as T"¢ with g,h € F,[T], T { gh. We define a

valuation vy by:
o)

with vr(0) = oco.

An equivalent expression for the valuation defined above is

vr(x) = vy (Z aiTi> = —m.

i=—m

We also define an absolute value | - |7 such that ‘T’"%}T = p~". Note that we could give
this absolute value an equivalent definition in terms of something other than p. The above
definition of | - |7 will remain in use for the rest of the paper.

Theorem 2.20. F,((7)) is the completion of the field F,(7") with respect to | - |7.

Proof. Consider the set S of distinct limits of Cauchy sequences in F,(7T"). Each element in
S can be represented by a unique Cauchy series of the form

a_,m "+ ... tat+tanm+...ta,m + ...

where all a; are in the residue field k, and 7 is the largest-valued element of IF,,(T") such that
|T|7 < 1 [12, p.113-115]. In this case, k = F, and 7 = 7. This means that all the elements
in the completion of F,(7") have the form

o0

a T "+ .. . 4+a+aT+...+a,T"+.. . = Z a;T"
with m,i € Z,a; € F, for all i. Thus the completion of F,(7") is the field of formal Laurent
series, F,((T)). O

Note that F,((7)) is a non-Archimedean local field with characteristic p. As we will only
discuss the valuation on F,((7")), we will be using the notation v(x) rather than vr(z) to
denote this specific valuation for the remainder of the paper unless otherwise specified.

As alocal field, K =F,((T)) has the following structure:
e The ring of integers Ox = {z € F,((T)) : v(x) > 0} is the ring of formal power series

F,[[T]] = {ZanT” Cay, € Fp} .

n>0
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e The group of units U = {z € F,((T)) : v(x) = 0} is a subgroup of the formal power
series which contains only those elements with a non-zero constant term.

e The maximal ideal My = {z € F,((T)) : v(z) > 0} is (T), the ring of formal power
series whose constant term is zero. Any uniformizer of F,((7")) will generate the
maximal ideal. It follows that 7" is the uniformizer of F,((T)).

e The residue field k = O/ My is F,,.

3. RAMIFICATION GROUPS

We define ramification groups in terms of elements from the Galois group G of L/K in
the following way:

Gi={oceG:vy(o(x)—z)>i+1foralzeOr}

where ¢ > —1. The ramification groups, as mentioned in section 2, make up a chain of
subgroups of the Galois group which are eventually trivial. These G; may not be distinct
for all 7.

Definition 3.1. In the subgroup chain of ramification groups, a ramification break is de-
fined to occur at ¢ > 0 such that G; # G;,1. Depending on the Galois group and ramification
groups themselves, this break may be unique.

Note that the chain of ramification groups is an invariant of the field, so distinct chains
give distinct fields. Also if G is cyclic and of prime order p then there will be a single
ramification break since G; will be isomorphic to either Z/pZ or {1}.

As previously mentioned, the ramification groups give information about the Galois group
G of an extension. In particular, G_; is equal to G. Gy is called the inertia group and
is equal to the subgroup of G with automorphisms fixing K*" where K" is the maximal
unramified extension, which will be discussed later. For ¢ > 0, G; is equal to the subgroup
of G with automorphisms fixing an intermediate subextension of L. In addition, G/G is
isomorphic to the Galois group of K*"/K, and for i > 0, G;/G;4; is isomorphic to the
subgroup of G with automorphisms that fix the base field of G; in an extension from the
base field of G; to the base field of G;;;. Intuitively, the quotient can be thought of as
the extension resulting from “subtracting” the extension corresponding to G;;; from the
extension corresponding to ;. See Figure 1 below for an illustration of this idea.

The following lemma concerning properties of the ramifications groups of an extension
appears in Serre [15, p.67] and is referenced in many of Awtrey’s works [2-5].

Lemma 3.2. Let K be a field of characteristic p. Let L/K be a Galois extension with Galois
group G and let M denote the maximal ideal of the integers in L. For ¢« > —1, let G; be
the i-th ramification group. Let Uy be the units in L and for ¢ > 1, let U; = 1+ (%), where
71, is the generator of M.
(a) For i > 0, G;/G,41 is isomorphic to a subgroup of U; /U, ;.
(b) The group Go/G is cyclic and isomorphic to a subgroup of the group of roots of
unity in the residue field of L. Its order is prime to p.
(c¢) The quotients G;/G;41 for i > 1 are abelian groups and are direct products of cyclic
groups of order p. The group G is a p-group.
(d) The group G is the semi-direct product of a cyclic group of order prime to p with a

normal subgroup whose order is a power of p.
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(e) The groups Gy and G are both solvable.

FiGURE 1. Field Diagram with Ramification Groups

Go/Gh

G /Gy

Proof. Our first step is to define a map ® : G; — U;/U;41. Let 0 € G;. Since 7, € O and
o € (¢;, we have

i+1<wp(o(mp) — 7).

i+1<ug <7rL (U:;L) - 1))

Thus, we have

ie.,

This shows we have a well-defined map

f:G— Ui/UiJrl

U(WL).

L




Our next step is to show that f is a homomorphism. We have

ot (7],
f(or) = T
L
()
=——"
a(mr)
7(7L)
olmrtm) o (52)
- 2 ()
3 TI'LL
o (T(WL)>
TL
— fo) ()
L

Thus, to show that f is a homomorphism it only remains to show that

()
L

T € Uiiq.
TL
Note that since T(:LL) is a unit for any 7 € G;, we have o <T(ﬂ7_FLL)> is easily seen to be a unit
as well. Let u = T(WLLL) We now show that
o(u
Q c Ui+1
u

if 0 € GG;. To see this, observe that we have

L (@ - 1) = v (w) + v (o(u) — u)

u
= —vr(o(u)) +vp(o(u) — u)
= v(o(u) — u)
>+ 1.
Thus, we have that f is a group homomorphism as claimed.
It only remains to show that the kernel of f is G;1;1. Let o € G; with f(¢) = 1. Then we
have 20L) ¢ Ui, ie., vg (M — 1) > i+ 1. However, this simplifies to the condition that

Tr, L
vp(o(mp) —7mp) > i+ 2,

i.e., 0 € Gi11. (Note we strictly need to show that inequality for all elements of Oy, but
it is not hard to show it is enough to show it for the uniformizer.) Thus, ker(f) C Gii1.
Essentially the same argument shows that G; 1 C ker(f), which finishes the proof of part (a).

For (b) note that Uy/U; is isomorphic to the multiplicative group of the residue field of
L. Thus it follows that Go/G; is cyclic and a subgroup of the roots of unity in the residue
field of L.



For (c), note that for i > 1, U;/U;;4 is isomorphic to the additive group of the residue
field. Tt then follows that G;/G;.1 is cyclic and by the fundamental theorem of finite abelian
groups every finite abelian group can be expressed as a direct sum, or in other words a direct
product of abelian groups. That Gy is a p-group follows from |G1| = [[;2, |Gi/Git1]. Note
that this is actually a finite product since the G; eventually become trivial.

For (d), since Gy and G; have relatively prime order, there is a subgroup of Gy that
projects isomorphically onto Go/G;. From (b) we know that this quotient group is cyclic
with order prime to p. Then (d) follows based on knowledge of semi-direct products.

For (e), consider the fact that G/Gj is isomorphic to the Galois group of the residue field
and is cyclic. Recall also that the ramification groups define a sequence of decreasing normal
subgroups. From (b) and (c) we know that the quotient groups are abelian and thus G and

G are solvable. O

Suppose L/K is a degree n extension of a characteristic p field K. We can use Lemma 3.2
to determine possible Galois groups for L/ K. Following [2, Ch. 4], we consider the transitive
subgroups of the symmetric group S,. Possible Galois groups are those which meet the
following criteria:

(1) G contains a solvable normal subgroup Gy such that G/Gy is cyclic of order dividing
n.

(2) Gy contains a normal subgroup G that is a p-group, which is possibly trivial.

(3) Go/G, is cyclic of order dividing pl¥:¢ol-1,
Through direct computation, we can reduce our list of transitive subgroups to those which
meet the conditions above. To precisely identify the Galois group of L/K, we would need to
find a defining polynomial f(x) for L/K. We would then use invariants such as centralizer
order and parity to match f(z) with one of the remaining subgroups of S,.

4. UNRAMIFIED EXTENSIONS

In order to classify the extensions of IF,((7)), we must first examine unramified extensions.
This will require several results carried over from the study of p-adic fields. Some of the proofs

in this section follow methods used in [8, Ch. 5. In particular, Hensel’s Lemma is true for
all local fields including F,((7")).

Theorem 4.1 (Hensel’'s Lemma). Let K be a field, f(z) be a polynomial in Og[z], and
ap € Ok such that f(ap) = 0 (mod M) and f'(ap) # 0 (mod M). Then there exists
a € Ok such that f(a) =0 and o = oy (mod Mk).

Corollary 4.2. Let K/F,((T")) be a finite extension and let f = f(K/F,((T))). Then O}
contains the cyclic group of the (p/ — 1)st roots of unity.

Proof. Observe that Ox /My is a finite field of degree p/. Because every subgroup of a
finite field is cyclic, (Ox /M) is a cyclic group of order p/ — 1. So for each m that divides
p/ —1,F,(r) = 2™ — 1 has exactly m roots in (Ox/Mpg)*. Any lift of these roots to Ok
gives us m non-congruent approximate roots. The derivative F’ (x) = mz™ ! will be non-

zero in O (because the approximate roots are units). Thus since p 1 m, Hensel’s Lemma
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gives us m different mth roots of unity in O}. This is true for any m that divides p/ — 1, so
X. contains the cyclic group of (p/ — 1)st roots of unity. O

Definition 4.3. Let K and L be two extensions of the field F'. The compositum of K and
L, denoted KL, is defined to be the intersection of all fields containing both K and L.

In other words, the compositum is the smallest field containing both K and L. It can be
formed by adjoining generators of K to L or alternatively, adjoining generators of L to K.

In the discussion that follows, we let K = F,((T")) and K" be an unramified extension
of K. For every positive integer f, we can show there exists a unique degree f unramified
extension of K, and that we obtain this extension by adjoining a primitive (p/ — 1)st root
of unity.

Theorem 4.4. For every integer f > 1, K has a unique unramified extension of degree f.

Proof. Tt can be shown that the compositum of unramified extensions is unramified [10, p.48].
Keeping that in mind, consider two unramified degree f extensions of K, say Ly and Kj.
Then K;L;/K is unramified and has the same residue field as K, since a finite field has a
unique extension for a given degree. Thus,

[KyLy: K] = [K¢Ly: Kf][Ky : K]

with [K¢L; : K] = [K; : K| = f, which shows K; C Ly and Ly C K. Therefore, Ky = Ly
and an unramified extension of a given degree is unique. 0J

Theorem 4.5. The unique degree f unramified extension of K, K"/K is obtained by
adjoining a primitive (p/ — 1)st root of unity to K. Consequently every unramified extension
is a Galois extension.

Proof. By 4.2, K* contains the (p/ — 1)st roots of unity. Let 8 be a primitive (p/ — 1)st root
of unity in K*. Then we have a tower of extensions

K C K(B) Cc K.

The powers of 3 are the (p/ — 1)st roots of unity, which are distinct by 4.2. Thus 3 is a
(p/ — 1)st root of unity, so that the residue field of the extension K(3)/K contains F,; = k.
The degree of the residue field extension must be less than or equal to the degree of the
extension of K. Thus the degree of K()/K is at least f. Since K"/K is of degree f, it
follows that K* = K(3). O

Definition 4.6. The maximal unramified extension, denoted K", is the compositum
of all the unramified extensions of K.

Unramified extensions are already well understood. So, when we build up our tower of
fields, we focus on building ramified extensions over our maximal unramified extension.

5. ToTALLY RAMIFIED EXTENSIONS

Let L/K be a finite extension of K and let K", a subfield of L, be the maximal unramified
extension of K. Then L/K"" is totally ramified. This means that we can construct all finite
extensions of K by looking at unramified and totally ramified extensions. In this section, we
focus on totally tamely ramified extensions. Unless otherwise specified, we will assume that
p{n and e = n which implies f = 1.
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Definition 5.1. Let f(z) € Ok[z] be a monic polynomial:
f(z)=2" + ap_12™ '+ ... + ao.
If v(a;) > 1 for each i =0,...,n — 1, and v(ag) = 1, then f(x) is said to be Eisenstein.

The definition for Eisenstein can also be described in terms of the maximal ideal. That
is, let (m) be the maximal ideal of K. Then a polynomial f(z) is Eisenstein if a; € (7g)
for each i = 0,...,m — 1 but ay ¢ (77). Note that if a polynomial is Eisenstein then it is
irreducible. The following well-known theorem can also be found in [7, p.54].

Lemma 5.2. If 2o, -+ ,x,1 € K where |z;|x # |z;|x for i # j, then

n—1

in = Oglganﬁil{mh}-

=0 K
Proof. Let | - |x = | -|. We show without loss of generality that if |zg| > |x1] > -+ > |2z,_1],
then |z + 21| < max{|zo|, |x1]|} = |zo|. On the other hand we have |zg| = |z + 21 — 21| <
max{|xg + z1|, |z1|} = |20 + x1| since |xg| > |z1|. Thus, |zg + 1| = |zo|. Now assume for
some j we have |zg+ 21 + - -+ xj_1]| = |xo|. Then

j-1
< maX{ Zmz ,|:1cj|}
=0

= max{[zol, |z;[}

j—1
E €T; + ZL’j
=0

= |xo|.

On the other hand we have

Jj—1 J J
|zo| = Zx, = in—xj < max{in 7|xj|}
i=0 i=0 i=0

since |xo| > |z;|. Therefore,

= Ogggl{w}-

n—1
>
=0

O

Theorem 5.3. For ptn, a finite extension L/K of a non-Archimedean local field is totally
ramified if and only if L = K[a], with « a root of an Eisenstein polynomial.

n

Proof. Let f(x) = Z a;z" be an Eisenstein polynomial of degree n and L/K be an extension

i=0
with defining polynomial f. Suppose « is a root of f. Then

—a " = a, 10"V + o+ ajat + ap.
12



So taking the valuation of both sides we get

n—1
vi(—ana™) = vp(a,a") = vg (AO a;o ) > Ogrznglg_l{uL(aia )}
— Ogrlnglg_l{l/L(ai) +vp(a”)}.
For this valuation, we can see that for an element s € K, vy (s") = tvy(s). Using this fact
and the fact that vy (s) = evg(s), the following is the above steps reduced:
nvp(a) > Ogrir%i&l{eu[((ai) +ivp(a)}.

It follows that vy(a) > 0 because by definition of Eisenstein, for all ¢ > 0, v(a;) > 1 and
v(ag) = 1. Also, evk(ap) < evi(a;) + ivg(a) for all i > 0, so nvp(a) = evk(ag) = e. Thus,
vr(o) = 1 and n = e. Therefore, this polynomial defines a totally ramified extension of
degree n. See [7, p.54].

For the converse, let L/K be a totally and tamely ramified extension of degree n and let
7z, be a uniformizer of L. For the minimal polynomial f(z) = 2™ + a, 12" ' + ... + ag of 7,
over K, then

n—1

n=nvy(m) = VL(ZCWTE)

0

=, amin {vi(a) +ve(r)}

. 1
— ogr%l?fl{”yl((ai) + ﬁ}

Since from the second method for calculating the norm ag = Ny k(7)) = 1, then |a|y =
|7|™ which implies vg(ag) = vp(mp) = 1. Now for 1 <i <n — 1 we have:

)
n < nvg(a;)+ —
n

O<n-—— < nv(a;)
n

Since 0 < vk (a;), this necessarily implies that 1 < vk (a;). It follows that f(x) is Eisenstein.
U

Note that since K*" is the maximal unramified sub-extension of L then L/K"" is also a
totally ramified extension and Theorem 5.3 applies.

5.1. Totally Tamely Ramified Extensions. Using the work of Pauli and Roblot [14], we
can show exactly what the totally tamely ramified extensions look like, but first we need some
theorems adapted from Pauli [13]. This section only deals with extensions over F,((T")) and
so we define K/F,((7)) to be the maximal unramified extension and L/K to be the totally

tamely ramified extension. Also we will denote |7x|x = [Mk|k-
13



Definition 5.4. Let L/K be an algebraic extension of degree n. Then a basis of O, over
Ok is an integral basis of L/K. Let (o, - ,0,-1) be an integral basis of L/K. Then

disc(L/K) = det((8))ochen—1,1<12n)?
is the discriminant of L/K.

The discriminant of the field generated by an Eisenstein polynomial is exactly the dis-
criminant of the polynomial.

Lemma 5.5. Let L = K(«a)/K be a finite Galois extension of degree n and f be the
minimal polynomial over K with roots aq,...,a, where a = ;. then disc(L/K) = disc(f)

and disc(f) = nv(f'(a)).

Proof. Let o; € Gal(L/K) and consider o;(o) = o, for i € {1,...,n}. Then o;(27) = )
where 0 < j <n — 1. Note disc(L/K) is the square of the determinant of the matrix

1 oz ... 2!

1 oxg ... af!
V= . .

1 z, !

Since v is a Vandermonde matrix, detv = m,<;(c; — ¢j) and it follows that disc(L/K) =
disc(f). Next we have

However, only the k£ = ¢ term is non-zero, hence

) = [ (@i — 2y)
JFi
then it follows that

dise(f) = ]| f'(x:)

therefore,
v (disc(f)) = VK(H f'(@:)) = nvc(f'(22)).

O

Theorem 5.6. (Ore’s Conditions) Let K be a finite extension of F,((7")) with the maximal
ideal Mg and note that the valuation vi(z) = e - vp(z). Then there exist totally ramified
extensions L/K of degree n and discriminant M.

Proof. By theorem 5.3, every totally ramified extension L of K can be generated by ad-

joining a root a of an Eisenstein polynomial f(z) = 2" + a,_12" ' + ... + ap. Then we

have disc(F'/K) = disc(f(z)) since f(x) is Eisenstein and we can write v (disc(f(z)))/n =

vi(f'(a))) because f(x) is irreducible. Since « is a uniformizer in F, vg(a) = 1/e = 1/n.
14



1

Then the valuations of ia;o ! for 1 < i < n and na™~! are all different and so by lemma

5.2 we get:
ve(f'(@) = vk 4 (n—1)ap_10" " + ..+ ay)

) n—1 : 1 —1
T 1digne {VK(H) T (i) +vicla) + T}

Note that vg(x) =0 for all x € Z and vk (a;) > 1forall 1 <i<n-—1, so

, {n—l z’—l}
= min Ui (a;) +
n

1<i<n—1 | n
- on—1
oon
Thus since f(x) is irreducible and vi (disc(f(x))) = nvg(f'(a)) = n — 1 it is clear that we
can construct an Eisenstein polynomial f(x) such that disc(f(x)) = M. O

Let L,, denote the set of all totally ramified extension L/K of degree n and discriminant
ML Also let E, denote the set of all Eisenstein polynomials over K of degree n and
discriminant M’%'. Tt is known from Theorem 5.6 that roots of the polynomial in E,
generate all the extensions L € L,.

Definition 5.7. An ultrametric distance is a metric which satisfies the stronger condition
of the triangle inequality:

d(f,h) < max{d(f,g),d(g,h)}
for all f, g, h and at least two of d(f,h),d(f,g), and d(g, h) are equal.

Theorem 5.8. Let f, g € E,, of degree n. Then d(f, g) :=|f(8)|x = |g(«)|x where a (resp.
B) is any root of f (resp. g) defines an ultrametric distance over E,. Furthermore, for fixed
root a of f we can choose the root § of ¢g such that |5 — « is minimal with respect to all
roots «; of f which gives

d(f.g) = [ [ max{|8 - al.|a; - al}.
i=1

Proof. Since f and g are Eisenstein of degree n where p 1 n, these polynomials generate
a totally and tamely ramified extension of degree n. Let Ly, L, € L, be the extensions
generated by f and g, respectively. Since we are only considering Galois extension, Ly and
L, are Galois. Let G = Gal(L,/K) and define d(f, g) := | f(5)| for any root 3 of g. The fact
that d(f,g) > 0 follows from the nonnegativity of | - |. Next, suppose d(f,g) = 0. Since | - |
is Galois invariant, then for 0 € G and root 8’ = o(f) we have

(B = lo(f(B)] = [f(a(B)] = [F(B)].
Thus

d(f,9) =[f(B) =0 & [f(ei(B))| =0  forallo; € G
& floiB)) =0
& 0y(0) is aroot of f for all ¢

& f=g.
15



The above also shows that d(f, g) does not depend on the choice of 5. Moreover, if 71, ..., 7,
represent the roots of f and (i, - , 3, represent the roots of g then for any v € {v1,..., 7.}
rer =11 = T8 =l

i=1 i=1 j=1
= H H v — Bil
j=1i=1

n

= H l9(7;))

= |g(m)I"

Consequently, d(f, g) = d(g, f) since |f(5)],]9(7)| € Rso. Now fix a root v of f and choose
a root 3 of g such that the distance |3 — | is minimal. Notice that this distance does not
depend on the choice of v since |g(v)| = [1;; |7 — B;| = [g(7')| for all roots o' of f. We can

write
n

d(f,9) = f(B) =] 18—l

i=1
Next suppose that there exists a root 7; such that |3 — ;| # |8 —~|. Then |5 —~;| > |5 — 7|
and by Lemma 5.2

Yy =vl=l—=B+8—7l=18—l
So

d(f,9) = [ [ max{|8 =1, |y —l}-
i=1
Finally, to show d satisfies the ultrametric inequality, let A € E, with roots A and X and

choose v and 8 such that | — A| is minimal with respect to all roots of g and |y — \'| is
minimal with respect to all roots of f. Then

d(f.n) = [[max{ly - X|.ly = l}
=1

IN

[T max{ly = Al 1y = %l}
i=1

IN

Hmax{max{h — 61,18 = A} |y —wl}
im1

IN

max {Hmax{w = Bl 1y = l}, [ [ max{|8 = Al |y — %!}}
i=1 i=1
< max{d(f,g),d(g,h)}.
Therefore d is an ultrametric. O

The distance d(f, g) is calculated using the following lemma.
16



Lemma 5.9. Let f,g € E,. Write f(z) = 2" + f,_12" ' + -+ + fo and g(z) = 2™ +
Gn—12""1 4 -+ 4 go and set

0<i<n-—1

w = min {VK(gi_fi)_l'i}
n

Then d(f, g) = | M|,

Proof. Let 6 be a root of the defining polynomial of the unramified extension F,((7"))/K and
v be a root of f(z). Then we can write

(@) = > g:(6)s

where g;(8) € K[f]. From this we observe the following:

—

n—

9(v) =g() = f(v) = > (9:(0) — fi(6))Y'

%

I
o

. We have vg(y) = % since 7 is a prime element. Therefore, all the terms in the sum,

Z?:_ol (g:(0)—f:(0))7* , have different valuations. It follows from Lemma 5.2 that the valuation
of g(v) is the minimum of all the terms. Thus, d(f,g) = |¢(7)| = |[IMk|™. O

5.2. Construction of Generating Polynomials. We adapt the work of [14] to construct
a finite set of polynomials that will generate all the extension in L,,. We define K/IF,((7T")) to
be the maximal unramified extension and L/K to be the totally tamely ramified extension.
Let I' be the Galois group of the abelian extension F,((7"))/K and let R 5 be a fixed I'-stable
system of representatives of the quotient ML /M?2.. We denote R, to be the subset of Ry o
whose vg -valuation is 1.

Let © be the set of n-tuples (wq, -+ ,w,—1) € (K)™ which satisfy the following conditions:

Ri,ifi=0 (1)
w;i € o .
Rl’glflglgn—l (2)

Each element of w = (wo,...,w,—1) € Q is associated with the polynomial A, (z) € Ok|z]
given by
Ag(x) = 2" + wp 1" - Wiz + w

Lemma 5.10. The polynomials A, are Eisenstein polynomials of discriminant M.

Proof. By construction vk (w;) > 1 for all 7 and (1) gives vk (wy) = 1. So A, is an Eisenstein
polynomial.
Let a be a root of A,. Since the discriminant of A, is the norm from K(a)/K of Al (a),

then
n—1

() =
as seen in Theorem 5.6. So it follows that v (disc(A,)) = n — 1 and disc(A,) = M. O

Definition 5.11. For any f € E,, we define the closed disc with a radius r to be Dg, =

{g € Enld(f,9) <
17



Theorem 5.12. (Krasner) The set E,, is the disjoint union of the closed discs Dg, (A, |[M%])
with center A, and radius |[M3| as w runs through (.

Proof. Lemma, 5.10 shows that the polynomials A, are elements of E,. Let w,w’ be two
distinct elements of 2 and let ¢ be such that w; # w,. Then

=il —w) <1+ - <2
n n

since w,w’ € My. Therefore, d(A,, A.)) = |[Mg|" > |M3| and by the ultrametric property
of d the discs D, and D!, are disjoint.

Now let f € E, and write f(z) = 2™ + f,_12" ' + -+ + fy. Since f is an Eisenstein
polynomial, vi(fy) = 1 and there exists wy € R{, such that

fo = wo( mod M%{)
Furthermore, vk (f;) > 1 for all ¢ > 1 then there exists w; € Ry such that vk (f;) = (mod

M2). Let w = (wo,...,wp_1). We claim that f € D,. We have vg(f; —w;) > 2 since
fi —w; € M. Thus for all i we have

1
VK(fi — wi) + E > 2.

Therefore, d(A,, f) < |[M%]| and so f € D,
U

Corollary 5.13. Let w be an element of 2 and let a be a root of A, (z). The extension
K(a)/K is a totally ramified extension of degree n and discriminant M’ . Conversely,
if L/K is totally ramified extension of degree n and discriminant M’ ' then there exists
w € Q and a root a of A,(z) such that L = K(«).

Proof. The first claim is true because we know that the polynomials A, € E,,. To prove the

second claim, let v = ~q,...,7, denote the roots of f and let Af be the minimal distance
between v and any other root of f. Then

=TT =l < Af- Mg,
=2

since the ~; are prime elements. But,

/()] = MY
and thus

Af > M.
18



Now let w € Q be such that d(f, A,) < r = |M%]| and let « denote a root of A, such that
| — 7| is minimal. Then we claim that | — v < Af, for otherwise

d(f,Ay) = [[mad{ly—al, |y —l}
=1

i=1

> T =l = Al

i=2

> Mkl
This contradicts that |[Mg| > r. Hence |a — | < Af and it follows from Krasner’s lemma
that L = K(«). O

Lemma 5.14. The number of polynomials A, or equivalently by Theorem 5.12 the number
of disjoint closed discs of radius r = |[M%]| in E,,, where w € €, is given by

#De, () = (0= g™

Proof. Since R, is a fixed I'-stable system of representatives and I' is the Galois group of
the unramified extension of the residue field of F,,((T)), then the number of elements in R,
is (¢ — 1) and the number of elements in R, is ¢. For each A,,, wo € R}, and for 1 <14 <n,
w; € R12. Thus we have:

#Dg, (r) = (q—1)g"™"
and the formula holds. O

Lemma 5.15. Let ¢ > 1 be an integer and let s = \M%71+t)/n|. Let #Dg, (s) denote the
number of disjoint closed discs of radius s in E,,. Then the number of elements in L, is

n
o =80, )t e

Proof. Let II,, denote the set of all prime elements of members of L,. Alternatively, since
IT,, is essentially the set of constant terms of Eisenstein polynomials, I, can be defined as
the union of the sets P\ P2, where P is the prime ideal of some member L € L,,. Let y be
the map from II, to E, that sends a prime element to its minimal polynomial over K.

Let u = |[M%|"", and let a and § be two elements of II, such that |a — 8] < w.
Then « and S generate the same field L € L, by Krasner’s lemma. Observe we have
d(x(a),x(B)) < ulM " = s by the same reasoning as in Corollary 5.13. We define
a closed disc D,(a,7) = {f € 7|l 8 < r}. Hence, x(Du(o,u)) C Dg,(x(a),s), where
Dr(a,u) is the closed disc of center a and radius u in IT,, . Conversely, let f(z) € E,, and
let o denote any root of f(x), so f(x) = x(«). Then it is straightforward to prove, using the
same methods, that Dg, (x(«),s) C x(Dn(a,w)). Thus, for all o € II,,

Dg, (x(@), s) = x(Du(a, u)).
Now, the map y is clearly surjective and n-to-one. Furthermore, the inverse image of x(«)

is the set of conjugates of o over K, and since ¢t > 1, the closed discs of radius u centered

at the conjugates of o are all disjoint. It follows that the inverse image of any closed disc
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of radius s in E,, is the disjoint union of n closed discs of radius u in II,,. But, again by
the remark above, any such disc is in fact contained in B\*B? for some L € L,. Thus, the
number of disjoint closed discs of radius v in II,, is equal to

#L,q" (¢ — 1) = n#Dg(s),

and the result is proven. O

Theorem 5.16. Let K be a finite extension of F,((7")) with maximal ideal M and rami-
fication index e. Let ¢ = p/ equal the order of the residue field of K. Then the number of
totally ramified extensions of K of degree n and discriminant M7 ! is

#L,=n
Proof. Choose t =n + 1. By Theorem 5.15,

n—1+4n+1)/n n 2 n
#L = #Dp, (M) g = #D (IMi)
" (q— gt g = 1)g!
Then by applying Theorem 5.14
n n
#Dg,,(IMi)—g =@ -1D¢" g =n
d K (q— 1)gn—1 (g —1)gn!
Thus for a given degree there are exactly n distinct, but not necessarily non-isomorphic,
totally tamely ramified extensions. 0

Pauli and Roblot have calculated convenient polynomials that generate totally tamely
ramified extensions of (Q,. We adapt their methods to prove the following result:

Theorem 5.17. Let ¢ be a (p/ — 1)st root of unity in K*" and let g = ged(p/ — 1,n). Then
for 0 <r < g—1, all totally tamely ramified extensions over K" are generated by roots of
the polynomial

" — CTﬂ'K.

Proof. Consider the set of generating polynomials Rj, = {¢ime with 0 < 4 < p/} and
Ri2 = Ri,U{0} Then the roots of the polynomials " +w, 12"+ +wpy, where w; € Ry
for1 <: < n—1andwy € R ,, generate all totally tamely ramified extensions of discriminant
Mt by Theorem 5.13.

Consider extensions of K generated by roots of the polynomials " — (‘m so that w; =
0 for 1 <4 < n—1. Suppose that « is such a root and g = ged(n,p/ —1). Then since a € L
if and only if ("o € L because ¢ € K, ("a generates this same extension. If we choose h
so that nh +i = r( mod p/ — 1) with 0 < r < ¢, then the minimal polynomial of ("« is
" + (""" since:

(Cha)n + Cnh+i7r — Cnhan + <nh+i7T
= ("(a"+ ().
Hence we only need to consider the polynomials 2™ — ("7 for 0 < r < g—1. This polynomial
is Eisenstein and by Theorem 5.3, it will define a totally tamely ramified extension.
Let 2" — ("m and 2" — ("7 be two of these polynomials which generate a totally tamely

ramified extension where 0 < r,7" < g—1 and r # r’. Let a and o’ be roots of " — ("7 and

x" — ("' respectively. Suppose that o and o/ generate the same field. Then this field would
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contain an n-th root of (""", To see this, consider the following: If we assume a € L if and
only if o € L then

A"+ (= 0 = ()" + ("

O./n—(O/)n _ Cr’ﬂ__grﬂ_
= (" =)
_ Cr’ﬂ,(l o Crfr’)

Thus this field contains an n-th root of ("~ which contradicts our assumption that the field
only contains the (p/ —1)-th roots of unity since r —r’ is never a multiple of n modulo p/ —1.
Therefore o and o/ must generate two distinct extensions of K. Let p be a primitive n-th

root of unity in the algebraic closure of F,((T")) denoted F,((T")) such that for m = n/g,
P = C(pffl)/g. Then the conjugates of « over K are o, pa, ..., p" 'av. So a, p"c, ..., p9=7q
all generate the same field, but a, pa,...p" o all generate distinct isomorphic extensions.
More specifically, the roots of the polynomial z" + ("7 generate ¢ classes of m distinct
isomorphic extensions. Thus there are n total extensions generated by the roots of these
polynomials. By Theorem 5.16 there are exactly n totally ramified extensions of degree n of
K, which proves that all totally tamely ramified extensions of degree n of K are generated
by the roots of the polynomials 2™ — (. O

5.3. Totally Wildly Ramified Extensions of Degree p. Before discussing extensions
of degree p, recall how the ramification groups were defined previously. In correspondence
with these ramification groups are the groups of units. The group U; = 1 + (%), which will
also be written as U; = 1 + M corresponds to the group G;. Recall that values ¢ for which
G; # G,y are called ramification breaks. From Artin-Schreier theory, which deals with
extensions of degree equal to the characteristic, the Galois group G will be cyclic, namely
Z/pZ. Because of that fact, the ramification groups will either be G or {1} causing there to
be a single, unique ramification break.

Definition 5.18. For K a field of characteristic p, an Artin-Schreier polynomial is a
polynomial of the form 2 — x — o for a € K* with o # 0.

The following is a well-known result that leads to our next theorem.

Lemma 5.19 (Hilbert’s Theorem 90, Additive Form). Let L/K be a cyclic Galois extension
with degree n and Galois group G'. Let o be a generator of G and let 8 € L. Then Try k()
is equal to 0 if and only if there exists o € K such that § = a — o(«).

Proof. See [11, p.290]. O

Theorem 5.20. Any Galois extension of K of degree p is the splitting field of an Artin-
Schreier polynomial.

Proof. Let L/K be a Galois extension of degree p. As stated above, the Galois group G
will be cyclic of order p. Then Try/x(—1) = p(—1) = 0, since K has characteristic p.
Let o be a generator of G. By Lemma 5.19, there exists a € L such that o(a) — o = 1.
Thus o(a) = a+ 1 and o'(a) = a+i for i = 1,...,p. Since a has p distinct conjugates,
[K(a) : K] > p. It follows that L = K(«a). Note that
ol —a)=c(a)f —o(la)=(a+ 1)’ —(a+1)=a? — .
21



Since o — « is fixed by o, the generator of G, it is fixed by every element of G. Hence
a? —a € K. Let a = a? — a. Then « satisfies the equation ¥ — 2 —a = 0 and L/K is the
splitting field of an Artin-Schreier polynomial. U

Theorem 5.21. There are infinitely many totally ramified extensions of a characteristic p

field K of degree p.

Proof. Let f(z) = 2? —x — m ™ € K[z] with m € Z be a generating polynomial such that
L = Klz]/f(z). Suppose L/K is a totally ramified extension with v, a discrete valuation
on L and G = Z/pZ the Galois group. Let 7, € L be a uniformizer. It suffices to show that
there are an infinite number of values at which the unique ramification break can occur.

Consider vy (o(ny) — ) = vp, <7rL (M — 1)) =1+vg <U(”L) — 1). With this equality,

T, TL
o(x)

in G; we can look at vy, (T — 1> > ¢ rather than vy (o(x) —x) > i+ 1. It can be found in

the proof of Lemma 3.2 that olrL) ¢ U;,. Thus, % = u for some unit u € L. Let u = ugw

L
for ug € U and w € 1 + M. It is easily shown that we can define u in this way:

u=ap+ aymy +--- (for some a; € Ui > 0)

a a
:a0(1+—17TL—|—---)With1+—17rL+---G1—|—ML.
Qg Qo

Write

Then we have

Thus

= urw - o(w).

The above comes from the fact that all o in the Galois group fix elements of K by definition
and ux € Ug. Continue this process of multiplying by % = o(ugw) on each side until,
on the left hand side, the term is equal to #ZL) Because this is a degree p extension with

cyclic Galois group,
o?(mp)

Uy

1= = ubwo(w) - - 0P Hw) where wo(w)---o? Hw) € 1+ My,

Thus, ub € 1+ M, because, from above, wo(w)--- 6?7 (w) and uk must be units. Divide
by wo(w) - - o~ (w) to see ub, € 1+ My. This implies ux € 1+ .M/, and, since the residue
field of L will be the same as that of K in a totally ramified extension, ux € 1+ M. Then,
ArL) e 14+ M.

™
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This gives % = 1+ upm} for some u;, € Uy, and s > 1, where s does not depend of
choice of uniformizer. From the proof of 3.2 part (a) we saw 2% = 1(mod x3+!) for u € Uy,.

e ¢

We can conclude for any A € L™, € 1+ mjUy. To see this let A = uyn¢ with pta.

By
Then
(V) _ olupmy)
A upm}
_olur) (J(WL)> €1+ mU,.
ur, Ty,

)
unique ramification break occurs at ¢ = s.

Thus, v, <U—A) — 1) = s. This implies that G = G and G4 = {1}. This shows that the

Now suppose A is a root of f(x) = a? — x — «, where o = w™. Then,
a=AXA+1)---(A+(p-1))
because if A is a root, then A 4+ n for n € Z/pZ is a root. In the above product, 75 divides
A but 7§ does not divide n = 1,...,p — 1. Thus, (A+1),--- ,(A+ (p — 1)) are units. So,
vi(a) = vi(A), since « € K and A € L*.
Therefore, vi(a) = s. For a = m™, —m = s; because there are infinitely many choices
for m, there are infinitely many ramification breaks, thus extensions of degree p. 0]

Example 5.22. Let p=>5 and f(x) =2° — 2 —T73.
e This will generate a degree 5 extension of F5((7)).
e Then the ramification groups G_; = Gy = - -- = G3 = Z/5Z are cyclic.
e For i > 4, we have the groups G; = {1}.

Note that when given two Artin-Schreier polynomials f(x) = 2?—z—a and g(x) = aP—x—b
for a, b € K, v(a) = v(b) does not imply the extensions generated by f and g are isomor-
phic. If the constant terms a and b differ by a function of the form ¢ — ¢, then f and g will
generate isomorphic extensions.

6. EXAMPLE AND FUTURE DIRECTION

To illustrate our results, we will look at counting all finite field extensions L/K where K =
F3((T)) of degree n = 10 for p = 3 and discuss general properties of the defining polynomials
and Galois group. We will also look at calculating the Galois group of a particular extension.
For n =10 and p = 3, L/F5((7T")) is one of the following:

1) a degree 10 unramified extension,

2) a degree 2 totally tamely ramified extension of a degree 5 unramified extension,
3) a degree 5 totally tamely ramified extension of a degree 2 unramified extension,
4) or a degree 10 totally tamely ramified extension.

(

For the first case, there is one unique unramified extension by Theorem 4.4. This unique
unramified extension is defined by the cyclotomic polynomial 2?" — 1. For the degree 10

unramified extension, f = 10 and thus 23"° — 1 is a defining polynomial. It is important to
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note that this is not the only possible defining polynomial. In fact, Dummit and Foote [6,
p.587] outline an algorithm for finding irreducible polynomials in the ring [F,[z], which can
easily be applied to the polynomial ring over F,((T")) as well. The Galois group for this
unramified extension is cyclic and isomorphic to Z/fZ, or Z/10Z in this case.

For the second and third cases, there are unique unramified extensions of degree 2 and
5 respectively. These are each defined by the cyclotomic polynomial 2P’ — 1, where fis
the residue degree of the unramified extension. This gives defining polynomials z*° — 1 and
2% —1. The Galois group of each unramified portion of the extension is isomorphic to Z /fZ.

For the totally tamely ramified portion of the extensions in cases 2 — 4, it is necessary to
use a formula to count the non-isomorphic extensions. Since 3 1 10 we can use theorems in
subsection 5.1 to count all distinct extensions. Theorem 5.16 states that there are n distinct
degree n totally tamely ramified extensions. Theorem 5.17 tells us that for g = ged(n, p/ —1)
there are g non-isomorphic extensions of degree n. Thus we know that there is 1 extension
for case 1, ged(3? — 1,10) = 2 non-isomorphic extensions for case 2, ged(3° — 1,10) = 2
non-isomorphic extensions for case 3, and ged(3' — 1, 10) = 2 non-isomorphic extensions for
case 4 for a total of 5 non-isomorphic extensions of degree 10 for p = 3. Theorem 5.17 also
states that for the totally tamely ramified portion of the extension, the defining polynomials
are in the form z™ — (".

Now let us look at calculating the Galois group of a specific extension of case 2. Suppose
L/F3((T)) is a finite field extension and L is a degree 2 totally tamely ramified extension
of a degree 5 maximal unramified extension of F3((7)), K*". Using methods described
in [6, p.587], we find that 2> — 2 + 1 is a defining polynomial for L/K*". Consider the
polynomial 22 + Tz + T where T generates the maximal ideal in K. Then this polynomial
is Eisenstein and by Theorem 5.3, it generates a totally tamely ramified extension of degree
2. We can then use the properties of the ramification groups outlined in Theorem 3.2 to
find the Galois group for the extension L/F3((T")). We will discuss two different methods
of finding the Galois group for L/F3((T)) using the information from this theorem. The
first method is to use the online L-functions and Modular Forms Database (LMFDB). The
second technique is to use the GAP package in Sage to design a program for narrowing down
possibilities for the Galois group.

For the first method, we use LMFDB [1], which has a Galois group database that gives such
information as name, order, parity, solvability, and possible subfields for transitive subgroups
of S,,. All possible Galois groups are given labels of the form nTk. Here n signifies that the
Galois group is a subgroup of S,, and k serves as an index of transitive subgroups of S,. In
our example, we know that the Galois group of L/K is a solvable subgroup of S;0. Using
LMFDB we find that there are 24 such groups which satisfy this criterion. We also know
that our Galois group will have two subfields since we need a group Go/G; to correspond
to the group of automorphisms of L/K"". According to LMFDB, there are only five groups
with subfields. These possible Galois groups are:

Label Name  Order Parity Solvable Subfields

10T1  Cyo 10 -1 Yes 2T1, 5T1
10T2  Ds 10 -1 Yes 2T1, 5712
10T3  Dyg 20 -1 Yes 2T1, 5712
10T4  Fj 20 -1 Yes 2T1, 5T3
10T5  F5 x Cy 40 -1 Yes 2T1, 5T3
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Finally, we consider the fact that the unramified portion of the extension is isomorphic to
7,/5Z. Looking at the subfields, we find that 5T1 is isomorphic to Z/5Z and the only possible
Galois group with 5T1 as a subfield is 10T'1, which is isomorphic to Z/10Z. Note that there is
additional data available from the LMFDB tables. In other cases, information such as order
and parity is necessary for determining the Galois group and is also necessary for using the
Galois groups to count the number of non-isomorphic extensions of a given degree.

A second method for determining the Galois group of an extension is to design a program
in Sage using the GAP database. Again we use Theorem 3.2 to give us information on
the possible Galois group for L/K. The main difference between this method and the first
one is that Sage provides different information than LMFDB. For example, while Sage will
not directly show the subfields, Sage can check the order of elements to see if a group is a
p-group. The first step, as in the first method, is to find solvable transitive subgroups of S.
Again, we find that there are 24 of these. We also know that our Galois group will contain a
solvable subgroup, G such that G/Gy is isomorphic to Z/5Z. We find that there are three
such groups that fit this criteria: 10T1, 10T8, and 10T14. One final step is to check if there
is a G such that Go/G, is isomorphic to Z/27Z. This narrows it down to only one possible
Galois group for L/K, 10T1, which is isomorphic to Z/10Z. This produced the same result
as the first method.

Below is the program we used to find the Galois group of L/K:

Set G to be the set of transitive subgroups of Sy
Set a to be an empty list
for n in the range (1, cardinality of G plus 1) do
if G[n]| is a solvable group then
Append n to the list a
end if

end for

Set L to be an empty list
for n in the list a do
Set Gy to be the set of normal subgroups of G|n|
for ¢ in the range (1, cardinality of G¢) do
if Go[i] is solvable and n is not in our list L then
Set G/Gy equal to the quotient group G[n]/Gy|i]
if G/Gy is cyclic and has cardinality equal to 5 and n is not in the list L then
if Go[i] is cyclic and has cardinality equal to 2 then
Append n to the list L
end if
end if
end if
end for
end for
Print L

Both methods have their advantages and disadvantages. Each works only for classifying
low degree extensions. While LMFDB gives detailed information about Galois groups, the
possibilities must be examined by hand. Although programming in Sage is more efficient in
some cases, our program becomes significantly slower as the degree of the extension increases.
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In addition, the program may not be able to narrow the possibility down to a single Galois
group and may need case-by-case alterations.

Further research could focus on generalizing the results to count the number of non-
isomorphic tamely ramified extensions for a given degree regardless of the prime or for a
given prime regardless of the degree much in the same way as Jones and Roberts did for
extensions of QQ,. In addition, it remains to extend our results for extensions of degree equal
to the characteristic of the field to extensions of degree equal to a power of the characteristic
of the field using Witt vectors.
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7. NOTATION

Here is an appendix of notation used throughout this paper.

Aut(E/F) Automorphism group of the field F which fixes F
Gal(E/F) Galois group of the Galois extension E/F

[E : F| Degree of the field extension FE/F

|G|, |z| Order of the group G or the element z respectively

|- |7 The absolute value, or norm, for F,((7"))

v() The valuation in general and later, specifically for F,((7"))

Vp(+), vr(-) The valuation for the p-adic numbers, and for F,((T)), respectively
Trr k(-)  The trace associated with the Galois extension L/K

Ok Ring of integers of K

Mg Maximal ideal of K

Uk Group of units of K

k=0O/M Residue field of K

e Ramification index

f Degree of the residue field

n Degree of the extension

F,[T) Polynomial ring over I,

F,[[T]] Ring of formal power series over F,

F,(T)) Field of formal Laurent series over I,

G, The ith ramification group in G (Sec. 3)

K" Maximal unramified extension of K (Sec. 4)
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